Formalisme matriciel et le
programme Reflex
G. Vignhaud

MCF HDR a l'université de Bretagne Sud (UBS)



1 - BASIC PRINCIPLES OF X-RAY REFLECTIVITY

In a typical specular x-ray reflectivity experiment, a collimated beam is
impinging on the surface of a flat sample at a grazing incident angle 6. The
reflectivity (R) is measured as a function of the wave vector transfer q, which
for specular reflectivity is perpendicular to the surface and is given by q, = 4n
sinB/A. The specular reflectivity is defined as the ratio of the reflected to the
incident intensity R = I/, is measured as a function of increasing wave vector

transfer.
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Parameters influencing reflectivity

Parameters intrinsic to the nature of the sample:

Front Back
Normal electron density profile of the

s’( ints\ Reflected -
beam I, /\ \ beam | material(s)
- 0 0 - Layer thickness h: Kiessig fringes
> oA

- Surface and interface roughness o; : reduces
specular reflection

substrate - For a multilayer : the pattern and its number of

repetitions

Geometric parameters that influence measurement:

- Angular resolution : The angular aperture of the slits (Beam collimation), which affects the
resolution of the measurement

- Spectral resolution : A beam that is not purely monochromatic affects the measurement

- Sample size influences reflected intensity.

- Sample curvature : an unflat surface leads to specular loss and an increase in diffuse
scattering

- coherence of X-rays in synchrotrons
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high substrate roughness

ideal sample:

Homogeneous flat surface
not very rough (o < 1nm)
not very thick (h < 1500A)

3 layers max
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Complicated samples for reflectivity analysis
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2 - THEORETICAL BACKGROUND
2.1 From optics to X-rays

» At small angles : Approximation of continuum of electron
density

Interatomic distance allowing constructive
interference at a wavelength of 1.54A

Constructive interference if:
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average distance between atomic planes : 1 a 5A

i.e. an incident angle of about 15°.



» Reflection of an electromagnetic wave at the surface

Medium studied : Isotropic, linear and homogeneous dielectric and non
magnetic

The calculation is based on the classical formalism of electromagnetic waves
applied to X-rays
Maxwell Equations
And

Boundary Conditions of the electric and magnetic fields at each
interface

And

Fresnel coefficients of reflection (r) and transmission (1)



Reflection and transmission of an
electromagnetic wave at an ideal surface

The incident wave "TE" for Transverse Electric (polarized "s") is taken according to é,.

In each medium the electric field is a solution of Helmoltz equation:

AE+k’E =0
Plane waves — F = 4 """ 5 with j=I,TR
B =J

w



2.2 The basics of the Abeles matrix technique

The Abeles matrix calculation method is an approach used mainly to study the
propagation of waves through thin films and stratified media (Frangois Abéles 1950).

The idea is to model the propagation of electromagnetic wave in a medium made up of
several stacked layers, each with different optical properties (refractive index, thickness,

etc.). For each interface between two layers, part of the wave is transmitted and part is
reflected.

Example : One layer one a substrate

0\/ / < Ry 1: Interface matrix (refraction
Z1

T = and reflection)
B : Propagation matrix
1 ! in medium 1 (translation)
v ( R, s : Interface matrix (refraction and

Zg
Substrat

reflection)




Example: one layer one a substrate

The calculation is performed with the component normal to the plane of incidence

z

, 0 : Air/vacuum At altitude z the downwards travelling waves is
1— . . . . .
defined by the electric filed in the medium 1:

y
Es— — nA—,llwt—ky1y+k,12) 2
1 —_— A1€ ( y’l Z’l )ex

= And the upwards travelling waves is
defined by:

Ef = Ai_el(wt_ky'ly_kz'lz)é)x

the upward and downward travelling waves are superimposed, so that the resulting
electric field in medium 1 along Ox is:

E1 — (A-ll-e_ikz'lzhélfe+ikZ»1Z)ei(wt_k3’:1y)

B = (uf (2) +u () e!(@tkya¥)



Laws of Conservation

At altitude z the upwards and downwards travelling waves are superimposed so
that the electric filed in the medium 1 is:

BOUNDARY CONDITIONS at z = z,

tangential component of the elctrique field E
Conservation of OE
tangential component of the magnetic field & P
Conservation of
( E(Zl) ug (z1) +ug (z1) = uf (z1) +ug (z)

{0E

L0z (Zl) kz,o(u3(21) —ua(Zl)) = kz’l(uf(zl) _u1_(21))

ky1 = —ko\/nf — nécos?0

wave vector in medium 1



Definition of the refraction matrix R at the z, interface:

Example : One layer one a substrate

Using the laws of conservation at interface z,, the link between the electric
field in air and in medium 1 can be written in matrix form and we can define a
refraction/reflection matrix Ry ; when we go from medium 0 to medium 1:

[ (zl)] ['P01 m01” t(z) =R01[u1+(zl) Zua(zl)\ )
u; A ur 1 \

Ug (z1) Mo,1 Poa (z1) uy (z1)

uf (z1) ui(z)

Electric fleld in
Vacuum at z;

+h p _ kZ,O + kz,l m . kz,O — kz,l
wit 0,1 2k, and 0,1 — 2k, ,

ko wave vector in vacuum

ky1 = —ko\/n% — nicos20

wave vector in medium 1



Definition of the propagation matrix T in medium 1:

Example : One layer one a substrate

The amplitude of the electric field within the medium n varies with depth z

“1 ) Zg =2; +h
uf(zy) = Afe %22 ool uj(zg) = ATe k211t = yF (z,)e " tkz1h
[uf (zl)] _ [ ] [uf (z5)]_ [u; (z5)
uy (z1) ui (zs) ui (zg)

us (2,) : i ug (z1)
7| — s [)

0,1
[ucT @O Ry 7Ry ] [u; (25) @/ N\ ui ) )
Ug (21) O s (zg) _ X !
Uq (Zs)\ / uj (zs)
M: transfer matrix Zs —/\ Ris
u;_ (zs) Ug (z5)




Example : One layer one a substrate

[u(J)r (21)

3(zs)
Ug (21) = [M] [ ]

us (zs)

M = Po1 Mo [e—ikz,lh ] [P1,2 m1,2]
Mp,1  Poa 0 lkz 1] M2 P12
—ik,1h ik, 1h —ik,1h ik, 1h
v = |Po1P12€ 21T+ mymy et My pore AT + My Prae >t
Mo 1P12e F21" +my ,pg ez mymy ezl 4 pg i py Hetkzal

The reflection coefficient by the sample is defined as the ratio of the reflected
electric field to the incident electric field at the surface of the material :

+
Uug (z1) Ug (z1)
4 L\_L Ro,1
ug (z1) ~ Myqug(zg) + Mypug (z) T,
uo (z1)  Myuf(zs) + Mayus (z5) Zs Ry

u;- (ZS) uST (Zs)




Example : One layer one a substrate

. ug(z)  Myqug (z5) + Mypug (z)
Uy (z1)  Myuf(zg) + Myyuy (z5)

It is reasonable to assume that no wave will be reflected back from the substrate
if x-rays penetrate only few microns:

uz_ (Zs) \ / u; (ZS)
thus uf(z,)=0 ug(zs)\A /%)

- — ué(zl) _ M;,
Uy (z1) My,




M12

Example : One layer one a substrate

_lkZ,lh h _lkz’lh

+ 7’”0,1291,29”62’1 To1€ tezih

mq 2P0,1€ T g€

“ik, R ik,ih  —ik,ih ik, 1h
Mmy1My 26 217 + Pg 1P12€ %1 e 21T+ 1pqT1€ %t

2 2
R = yp* — To1 + iz + 2191712c08(2k, 1 h)

1+ rfr5 + 2r91112c08(2k, 1 )




Example : One layer one a substrate
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(1) Xray reflected from different interfaces interfere constructively and
destructively as a function of incoming angle: Kiessig fringes

(2) Period of fringes scales inversely with thickness of layers: 2rr/Aq
(3) Electron density contrast determines amplitude of fringes

Kiessig fringes: First observed by Heinz Kiessig in 1931 for Ni on glass



Influence of the different parameters
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Generalization to a multilayer (n+1 layers)

Jz 0 ~_ j{E - .
- Z T
y ‘[
Z, -
I 8 U /
, n+1 T
S
SUBSTRATE

- - Jr'('t':u"f_‘\"ﬁrm'"_‘\‘r{;J-t‘:')_"
E - =A,e"" " e

The signs — and + label the
direction of propagation
of the wave; air is labelled
medium 0 and stratified
media are identified by

1 <j < nlayers in which
upwards and downwards
wave travel

Electric field in the nth layer
of the downwards travelling wave



Generalization to a multilayer (n+1 layers)

At interface z, the link between the electric field in medium n-1 and in medium n is
defined by a refraction/reflection matrix Ry, ,41:

Up_1 (Zn) Mn-1n  Pn-1n Un (Zn) Up (Zn)

[u‘;ll_—l (Zn) ] [pn 1n Mp-g, n] [u;{ (Zn) ) [u;’lt_ (zn)

Ry, -1 n: refraction matrix

kzn—l + kzn n_]\ /+

Pn-in = ’Zkz,n—l | Z_= Znn N [ h

m . kz,n—l B kz,n
n—-1n —
Zkzn—l

u’;ll_ (Zn) . [ ] u;"lt_ (Zn+1) _ u;l{ (Zn+1)
uﬁ (Zn) B uﬁ (Zn+1) ) uﬁ (Zn+1)

|



Generalization to a multilayer (n+1 layers)

b | =

SUBSTRATE

The reflected intensity is :

M = (TT7" Y (Ri—1.iT;)) Rusas

_ ug (z1) . @
Uy (z1) My,

R =1rr




Roughness in matrix technique

To take interfacial roughness into account in the specular reflected intensity, the

amplitude coefficients m,, ;11 and p,, ;1 are, respectively, reduced by the factors
2 2

e_(kz,n+kz,n+1) 0'121+1/2 and e_(kz,n_kz,n+1) 0'121+1/2

giving rise to a reduction of the Fresnel coefficient by the Debye—Waller factor:

rough __ _flat
nn+l -~ ‘nn+1l

2
e_2kz,nkz,n+10'n+1

r = _
1+ r01e‘Zkz,okz,lafrlze—2kz,1kz,2022312kz,1h substrate
. ré + 18, + 2791 15 cos(2k, 1 h)

- 2 _ 2 _ 2 _ 2
1+ 1 e *hzokz101yl e =4K21K2200 211 e~ 2K20K2101 ) @7 2K21K220% co5(2k , 1 h)




Reflexion on a substrate

tran;fer m:ltrlx . kyo + kg o — kyo—ky1
01 01 01 = )
M=Ro1 = Mo1 p01] 2kz,0 2z

I Mi;  moy kzo0—Kz1
01 =7 = =
My,  Dpo1r  kzotkzq

qz0 — J Q5 — q¢ — 32m2(B — Bo)/A?

To1 =

oo + [t — 42 = 3272 (B — o) /7

qz0 = 2kgnysin 6
qc = 2kgsiny/2(8 — &) 8y and B, are negligible for air
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Gold (Au) high electron density
gc=0.079167 and non-negligible
absorption effect p = 48.4131 10”7
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effect B = 1.5472 10/
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Example of measurement : X-ray Reflectivity Study of
silicone substrate in Carbon Dioxide

v' Phase diagram of CO,

Experimental device used at the ID10B(ESRF)
rx Pressure cell .
source detector PC
‘ ‘ o Critical Point
% 32°C 73.77 bar
Temperature  CO, pressure 7] s ° | o
o ©
control control s w Triple p.oin‘r o Gas - o
]
CO, (PT) 1

; i Temperature Te

How does the reflectivity evolve when a silicon substrate is subjected to CO,
according to the path (a) to (b) ?

25



X-ray Reflectivity Study of silicone substrate in Carbon Dioxide

2
oo = Jaz - a2 - 32m28 - gy 4c = 2kosiny2(8 — 6,)
R, =|r |*= the critical angle of the substrate itself is affected by
Q0 + \/CIZO — qg — 32m2%(B — By)/A? the presence of the pressurized gas in contact with it.

Reflectivity
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—*—651  the fact that the incident and reflected

»‘%\ beams are attenuated in the cell by the
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L (b) o experimental data
calculated data at 32°C

the critical angle gradually decreases when the
CO.pressure increases
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3 — REFLEX : SOFTWARE OVERVIEW

3.1 Reflectivity on a periodic multilayer

The REFLEX software is a completely integrated program for treatment of X-rays reflectivity
data. REFLEX uses a slab-model approach with the matrix method taking into account the
interfacial roughnesses of each layer together with their respective thickness and electron

de nSIty- (4 REFLEX 44 -~ | @  REFLEX44: Figure -~ |

IFiIe Calculation Edit data Parameters Experimental Setup Print Change y-axis Real time density profil Export figure Figure preferences Data Cursor Activate Zoom Help
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How to model the sample structure ?

A
Y~ )
Layern 1 1 h
number of N
ceriod .
Layer 1 periods A
' A
Substrate
B BUFFER v
s susmate |

The number of “Cap layers” is the number of layers in contact with the fluid (air for
example)

“Layer n” is the number of layers that are repeated as a typical motif or unit cell inside
the multilayer.

Next to this box is a box labelled "number of period" containing the number of
repeated periods of this motif (or unit cell) inside the multilayer.
The number of “Buffer” is the number of layers at the substrate/film interface. The

buffer layer and the cap layer are not incorporated in the unit cell and hence are not
repeated.



Absolute Reflectivity

Reflectivity on a periodic multilayer
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Reflectivity on a periodic multilayer
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If the ratio of the thicknesses dz/d1is equal to an
integer p, there is extinction of the (p+1)th Bragg
peak on the reflectivity curve (rule relevant if the
roughness of the 2 layers are similar).

d, = 120A d,=40A d,/d;=4—-1=3
o, = 2A o, = 28 Same roughness

Extinction of the 4th Bragg peak

d, = 120A d, = 40A d,/ d; =3
o, = 6A o, = 1A Different roughness

4th Bragg peak visible



3.2 Geometric parameters in relation to the measurement

The REFLEX program allows the user to take into account many experimental
parameters which may affect the theoretical reflected intensity

Sample size/beam size:

Because XRR measurements start below the critical angle of external reflection, the
beam footprint (F) projected onto the sample is often larger than the length (L) of
the sample in the direction of the incident beam. Therefore, even below the critical
angle of external reflection, only a portion of the incident intensity is completely
reflected by the sample. The reflectivity is therefore less than 1.
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—calculated
——measured
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Relationship between incident angle and footprint of the beam

F=T/sin0>L = R=l/l,<1

F=T/sin6<L = R=1

q, is the limiting
wavevector when L=F
4T P 4 T
=—sinb; = ——
=L =T
the sample size cannot be corrected by a
simple vertical translation of the
reflectivity curve (the correction depends
on qz). Correction by changing the curve
normalization is incorrect

Absolute Reflectivity
o
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Effect of the beam profile on the reflectivity curve

0.2

Gaussian

Sup. Gaussian n=4
Sup. Gaussian n=8
Rectangular

-200

-100 0 100
Z in micron

200

Beam profile Gaussian :

2
g(t) = Ae 207
2+/2In2

Beam profile super Gaussian :

git) = Ae_(V25 )

where n =4,8, ...
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Effect of the beam profile on the reflectivity curve

—rectangle
—— Gaussian
S Gaussian n=4| |

Slits : 100 microns

Sample : L =50 mm

0 0.005 0.01 0.015 0.02

Beam profile rectangular:

Lo
orrected — Zcalculated f — ]calculatcd ?
Beam profile g(t) :
a
— ] j[) g(()dl L L in 6
— Ycalculated " 00 s, A= 5311‘1
Jo g0 dre

It is observed that the slopes of the foot print functions changes according to the type of
beam profile. For the Gaussian beam profile the curvature of the plot is prominent and
visible. It can be observed from the figure that the Gaussian beam profile shows highest
limiting wave vector q;. As the beam profile approaches the rectangular box function,

q; gradually decreases.



Absolute Reflectivity

Relationship between incident angle and footprint of the beam

Absolute Reflectivity

100 | = - .
5 os | ] It would be a critical error to correct the
, o2t ‘L intensity reduction at small g.by a scale
107 @ Ot 1 1 1 7 . . .
L 0 20 100 150 200 factor which affects the normalization of the
z(A) entire curve rather than the size of the
107 sample/beam.
PS thin film on a silicon wafer
107 : : : :
Curve fitted with footprint correction:
) R PS:q. = 0.021975 A™*
%% 0.05 0.1 0.15 0.2 0.25 0.3 Si: q., = 0.031762A71
q, (A
100 PAIARARLEARAERERN Curve normalized and fitted without
;‘ 5 e _\ b 1l & footprint correction:
ot Eozl | ) PS: g, = 0.022708 A~1
PR ] Si: g, =0.033645 A1
1074 Significant mistakes are made in the
density of the sample, which is
incorrectly increased in this case.
10°°
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Correction of reflectivity measured with a beam knife edge

Bruker-AXS developed the so-called knife-edge collimator (KEC) to reduce the
beam footprint and reduce air scattering (improve contrast and resolution)

KEC ”knife” that is approached to the
surface of the sample up to a few pm

T' = 2dg.cos() F =2dg./tand

dy. ranges from 2 to 20 um
— F << L with a knife



Correction of reflectivity measured with a beam knife edge

q;, = —sinf; = —sin—

A

rke = TSinHL = —sin

A L A L

RX \
S dKe/

A
v

Using typical parameters for a laboratory setup, dg, = 15um, T= 50 um, L = 2 cm, q; of
0.012A! and 0.0204A-! for Cu radiation, are calculated for the beam-knife edge setup and
the classical setup, respectively. The critical angle for silicon is 0.0317A-1, implicating that for
many organic films with critical angles in general well below that of silicon it becomes
important to apply the footprint correction especially in the case of a classical setup.
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Increased resolution of the measurement due
to reduction of beam width by the knife edge

Das, A. et al. (2018). Journal of Applied
Crystallography, 51(5), 1295-1303.



Instrumental resolution

C_I)z — ]_C)r - l_éi
q, = ko(sina + sinf3)
dq, = ko(cosa da + cosf df) +dk, (sina + sinf3)

dk, is related to the wavelength dispersion by
dky, = —k al
0 — 0 A

With the assumption that da and df are randomly distributed, the uncertainty in g, is
given by
Aq? = ki (cos?a Aa? + cos?B AB?) + Aké(sina + sinp)?



Instrumental resolution

For specular reflectivity, the incoming and outgoing angles a and B are equal to 6 so that
the resolution-function along z is:

Aq, = \/kgCOSZQ(AOCZ + AB?) + 4AkZsin?0

For specular reflectivity measurements, 0 is always very small and Akysin@ is negligible:

21T

Ag, = —-w cos(0) withw = JAa? + AB2

Resolution: Instrumental resolution is handled by convolving the calculated reflectivity
curve with a Gaussian. The half width at half maximum(HWHM) of which is related to
the instrument resolution by:

w is measured through
2T 05 | direct beam (without
Aq, = TW cos(60) 04 ] sample) (

0.2 A

oo

6 [rad] |

where w = \/AaZ + AB? is the HWHM of the direct through beam. The lower is this
value the better the resolution.




Instrumental resolution

the high resolution gives a better estimation of some typical features like the Kiessig
fringes minima and the critical angle.
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In practice, the better the resolution the more difficult it is to track the reflectivity
curve over a wide range of wave-vector transfers.



3.2 Autocorrelation function of the first derivative of

the electron density

In the first order Born approximation, the reflectivity is proportional to the
Fourier transform of the electron density scattering with respect to the vertical

position z:

R(qz) = Rr(qz)

+ 00

1 d{p(2))

Ps

— 00

0z

eldzZdy

2

Master
formula

where Rr(q,) is the Fresnel reflectivity of the substrate with an average density ps

Born approximation valid for g, > q,

(1) No multiple reflections at the interfaces

(2) The effects of refraction can be neglected
(3) No absorption. The reflection coefficient at each interface
is proportional to the contrast of electron density




R dp(z) dp(z / 1
o ﬂ o ,0( ) e'1z(2=2)dzdz' = = TF] |
Re(q,) P p§
so that a data inversion gives the
e R(q,)
(1) = =j 1(z) I(Z—‘L')dZ — TF—l[ 2 Z
( ) . P P Ps RF(qz)
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Example : two layers on a substrate
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Example : two layers on a substrate

+00
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First derivative of electron density autocorrelation function



Example : two layers on a substrate (effect of density contrast)
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Electron density

o
N
T

o
w
T

o
N}

Example : two layers on a substrate (effect of roughness)

> 0.08 .
( ) h2=130 A § p
Z | I ] YA ”
P h1=100 A g p2)
: 5 0.06 | 07
©
ks
()
%5 0.04
()
Laer 2 =
®
q% 0.02
Substrate | { 3B } \
i (7]
0 5 100 150 90 100 110 120 130
1 z [A] z [A]
I I
c +oo
g0 r@= | P - *
c — 00
>
= 0.6 _
e
©
2041 -
o
(&)
S
Z02F A i
0 ¥ JAL | | T |
0 20 40 60 z [ABO 100 120 140

140



4 — EXAMPLES OF XRR DATA ANALYZED WITH REFLEX
4.1 X-ray reflectivity study of the density of polystyrene thin

films
1.40 - = Ellisometry
PS 3 layers ~ T § s EDP
£ 1.35¢ ; * Position of g, (XRR data)
& i
D130F V
] .
Q ’ o]
;?1.25 0
% 1.20 ‘m
T 115} Q'.
) ! \ i
RRX Gl 0E
0.7¢ - Ty
, = = S iegeeede
;i < o L 1.05 | LTTNY bogoecdeca
10° @ o4 -
o 03} 7 \ 1.00 + ?
> 10'5 (o8 ool AKL s o -4 | S R S N SR RN T SR SR S W T R |
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2 'SP A 2PN — Film thickness (nm)
] .2 :) } '.‘" .‘.n \ ¥ P
( "6 Rl .' e -~_ ~
2 (13 ¥ A - e .
D .. - Ainne T e > Films of less than 50 nm show a strong
o - : P increase in their densities
0.1 0.2 0.3 0.4 0.5
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Vignaud et al Langmuir (2014)



4.2 Surface Roughness of Water Measured by X
Ray Reflectivity

Surface Roughness of Water Measured by X-Ray Reflectivity
A. Braslau et al., Phys. Rev. Lett. 54, 114 (1985).

© Synchrotron
experiment

Fresnel-XRR

1
/ Capillary wave roughened XRR

REFLECTIVITY

® Lab source
experiment

| | | | | N
0 o 002 003 004 Q05 006
INCIDENT ANGLE (RADIANS)

« Roughness of 3.24 A
« Very close to what is expected from thermally excited capillary waves
« First such measurement of surface roughness of any liquid

« Synchrotron radiation necessary



4.3 In-situ study of the swelling of PS thin films

Evolution of the film thickness during the in-situ

pressurization of the CO,

Reflectivity

a, (A")
* The films are swollen
* Their electronic density decreases
* The roughness increases

Electron density (e'/A3)

Swelling (%)

under CO2 pressure
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Existence of a pressure from which the film is free to swell:

Pg by analogy with Tg

50

Chebil, Vignaud, Grohens, Beuvier, Konovalov, Sanyal and Gibaud, Macromolecules (2012)



4.4 Mise en ordre d’un film de copolymere diblock symétrique

_ Tg<T<TODT
Film — Film ordonné

désordonné trous

R —

L< dy<2L I_

220.0 nM

Tlots

do<3L/2 | |
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Images AFM : PS-PBMA



4.3 Mise en ordre d’un film de copolymere diblock symétrique
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APPENDIX 1 : Calculation of Fresnel coefficients

Conservation of the tangential component k, of the wave vectors

kin,y — ktr,y — kr,y the modulus of the wave vector

in medium j is related to the
wave vector, ko, in air as:

n E | 2
° k. i ki =kon; ko=
in,z !
= : k. l " k'I'r',z Y
=l-0- in, :
n=1- o -ip Y 5 k#
yaxis: ki, = kipcos 0 = nykgcos 0 Kiry = krcos O = nkgcos 0,
nygcos 8 = n cos 6| Snell —Descartes Law
zaxis :kin, = — kinpsin0 = —ngky sin 0 kir, = —keg Sin 0y = — nkg sin 0y,
1
_ 2 2 \2_ 21,2 21,2 ~ne20)\1/2
ktr,z — _(ktr o ktr,y)z— —(Tl kO o nOkOCOS 8) /

kir, = —ko(n? — nfcos?0)/?




APPENDIX 1 : Calculation of Fresnel coefficients

Continuity of the tangential electric field at the surface of separation of the two media (z = 0)

Ainei(wt_ki"'yy)+Arei(wt_kr'3’y) — Atei(wt_k”'yy)

Continuity of the tangential magnetic field (z =0)

ki ) - L. k. . ; _ k . ] —
—fsm@/lmel(‘“t km»yy)+z’"smt9/lre‘(wt kry¥) = —%sm@tr/lte‘(wt kiry)

kin,z =—kipsinf = _kr,z ktr,z = —k¢y Sin O,

kin zAinei(wt_kin’yy)"’kr zArei(wt_kr’yy) = k¢, zAtei(wt_ktr,yy)




APPENDIX 1 : Calculation of Fresnel coefficients

Ainei(wt—kin,yy)+Arei(wt—kr'yy) _ Atei(wt_k”’yy)

Kin zAinei(wt_kin'yy)'/'kr zArei(wt_km’y) = K¢r zAtei(wt_ktT,yy)

Equations are valid Vy ,Vt and ki, , = ki yy = ki,

Writing the reflected amplitude r;, = A,./A;, for the electric field
perpendicular to the plane of incidence and the transmitted one t;, = A;/A;,

At grazing angle of incidence for x-rays: 1, ~ 1, = r

Aip+A, = Ay I+, =t
kin,zAin"'kr,zAr = ktr,zAt kin,z+ kr,er_ = ktr,th_

kin,z _ ktr,z

Itr, =t 14+7r ki,
— ’ r, =
{kin,z(Z _TJ_) — ktr,th_:> 1 — T, - ktrz * kin,z + ktr,z




APPENDIX 2: Calculating the components of the transfer

matrix
\/
lz 0 R“«._j{?__ - -
- Z T
y '
Z, -
2 | ﬂ
I 8 “n /
] n+1 T
S
SUBSTRATE

- - '(mf—k].n "_k; nZ) =
E = A" 6’: vt - €

The signs —and + label the
direction of propagation
of the wave; air is labelled
medium 0 and stratified
media are identified by

1 <j < nlayers in which
upwards and downwards
wave travel

Electric field in the nth layer
of the downwards travelling wave



APPENDIX 2: Calculating the components of the transfer
matrix

k,,=k,cos0, =k cos0

Laws of Conservation

k,,=—k,sin6, =~k -k,

<,n

At altitude z the upwards and downwards travelling waves are superimposed so
that the electric filed in the medium n is:

E, = (Axeikz,nzﬁlﬁe—ikz,nz)ei(wt—ky,ny)

En — (u:{ (Z) +Up (Z))ei(wt_ky,nY)

BOUNDARY CONDITIONS atz = z,, 4

tangential component of the elctrique field E

Conservation of

tangential component of the magnetic field & 3,
Z



APPENDIX 2 : Calculating the components of the transfer

matrix
Conservation of

(E(Zns1) i (Zner) + 1w (Zner) = Wby Znas) * sy (Znss)

0FE . X )
L (Zn+1) kzn(un (Znt1) —Up (Zn+1)) = kz,n+1(un+1(zn+1) _un+1(zn+1))

A

The combination of these two equations can be written in a matrix form and we can
define a refraction matrix R, ,,+1 when travelling from medium n to medium n + 1:

[u;;(zn+1) _ [ Pnn+1 mn,nﬂ] [un+1(zn+1)

_ — R Upi1(Zns1)
U, (Zn+1) Mpn+1  Pnn+1 Uptq (Zn+1) nn+l

Uns1(Znt1)

Ry n41: refraction matrix

. kz,n + kz,n+1 Z=2Zn -
Pnn+1 =

Zkz,n ~ N \/ +
m _ kz,n - kz,n+1 N+l /\
nn+1

2k,




APPENDIX 2 - Example : 2 layers on a substrate

(21)

L‘o (z1) = Roa u1 (z1)
41 __——_Q

[ (21)] T, [ (Zz)]

uy (z1) uy (z3)

v 1(22) _ [ 2(22)

2 uz (z) | . (us(zs)
hz [ué(zi)] - [u
Zs : / wi(z)]| _ o [t
u; (z5) 25 us (z5)
Substrat S S
+ +
Ug (Zl) [us (ZS)
_ = |Ry+T-R{->T>R _
[uo (z)| = o1 leRas] |

M: transfer matrix



APPENDIX 2 - Example : 2 layers on a substrate

— [Ro 1T1R1 szRz S

M: transfer matrix

Uy (z1) ug (zg)| IM21 Mozl | ug (z5)

[uJ(zl) (Zs)] [M11 M12] [u;r(zs)

The reflection coefficient by the sample is defined as the ratio of the reflected electric field
to the incident electric field at the surface of the material :

— ua_ (Zl) Mllus (Zs) T Mlzus (Zs)
ua (Zl) MZlus (Zs) + Mzzus (Zs)

It is reasonable to assume that no wave will be reflected back from the substrate if x-rays

penetrate only few microns: _
M Uy (Zs) \ / u; (ZS)
thus uf(z)=0  Eo—) r=—2
M, UE(ZS)\A /%)

—2ik. —2ik, 2Ny + 1 510 ]E,—Er(kﬂh] +k.2h7)

I —f-f”g\”ﬁ___gff‘ 1 + i se



To fit reflectivity data, please follow the steps below:
1- Load your data (menu File = import data).

2- Fill the fields related to the reflectometer: the instrumental resolution Ag, and
the wavelength (or energy) of the incident beam.

3- Fill the field related to the structure of the sample: the number of layer and
enter the nature of the different material if it exists in the database.

4- Complete parameters relating to the size of the sample and the beam
dimension in order to adjust the beginning of the reflectivity curve.

Manual adjustment of parameters: Before automatically performing the fitting
process, it is important to manually adjust the parameters in order to minimize
the difference between the calculated and measured reflectivity curves.
Otherwise the optimization program will not converge to a good solution. It is
thus important to know how the parameters influence the reflectivity curve.




Automatic adjustment of parameters

When calculated reflectivity curve is close to the data, user can fit by using the
menu Calculus = Fit. The user has the option of using three different methods
to minimize the y? value (define below): Levenberg—Marquardt , Simplex search
and Trust Region methods. y? parameter is used to describe how close the
calculated data matches the experimental ones and is given by:

2 lz ydata; — ycalc; ?
N 4 ydata;

where there are a total of n measured data points, ydata, each of which has a
corresponding theoretical value, ycalc..
The most popular method for curve-fitting is Levenberg-Marquardt. With Trust
Region Method, it is possible to constrain the solution into a range. If a variable
starts at an initial estimate x,, a variation percentage, v%, of x, is authorized so
that the solution x is always in the range:

Xo — X, *v/100 < x £ x0 + x,*v/100
These constraints may be used to limit a parameter to within a physically
reasonable range.




Installing Reflex

1- Extract the reflex53.zip file to the user PC
desktop.

2- In the reflex53 directory, double-click on the
MCRInstaller.exe file in order to install it.

3- Double-click on the reflex53.exe to start the
program

REFLEX can be working as an executable file
under windows XP/seven/11



How to model the sample structure ?

- Capplayer - 1 l
Layer n 1

1

number of
period

Layer 1

R SR SO,
I ——— S ——
Substrate e v e ——

The number of “Cap layers” is the number of layers in contact with the fluid
(air for example)

“Layer n” is the number of layers that are repeated as a typical motif or unit
cell inside the multilayer.

Next to this box is a box labelled "number of period" containing the number of
repeated periods of this motif (or unit cell) inside the multilayer.

The number of “Buffer” is the number of layers at the substrate/film interface.
The buffer layer and the cap layer are not incorporated in the unit cell and
hence are not repeated.



How to model the sample structure ?

Example 1: a multilayer consisting of 3 repeating unit cells made of a bilayer
with 2 buffer layers and a single cap layer

1 layer for the cappalyer

Capplayer 1
2 layers in the unit cell Layern 2 ,
repeated 3 times " u;n iy
Buffer 2
2 layers for the buffer Subsirate

Example 2: single layer on substrate

1 layer Caplayer Layer n Buffer 1 Number of
— period
0 1 0 1

Substrate

=> Care must be taken to ensure that the model is physically representative
of the system being studied



